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In this paper, we discuss a von Mises plasticity model with nonlinear isotropic hardening assuming 
small strains in a plane strain example of internally pressurised thick-walled cylinder subjected 
to different loading conditions. The elastic deformation is modelled using the Navier-Cauchy 
equation. In regions where the von Mises stress exceeds the yield stress, corrections are made 
locally through a return mapping algorithm. We present a novel method that uses a Radial 
Basis Function-Finite Difference (RBF-FD) approach with Picard iteration to solve the system 
of nonlinear equations arising from plastic deformation. This technique eliminates the need to 
stabilise the divergence operator and avoids special positioning of the boundary nodes, while 
preserving the elegance of the meshless discretisation and avoiding the introduction of new 
parameters that would require tuning. The results of the proposed method are compared with 
analytical and Finite Element Method (FEM) solutions. The results show that the proposed method 
achieves comparable accuracy to FEM while offering significant advantages in the treatment of 
complex geometries without the need for conventional meshing or special treatment of boundary 
nodes or differential operators.

1. Introduction

The study of plasto-elastic behaviour is a field of research concerned with the challenges associated with modelling the deformation 
of materials that exhibit both elastic and plastic behaviour under applied loads [1,2]. These materials, which are widely used in 
engineering and manufacturing, initially exhibit linear elastic behaviour when subjected to mechanical stress, but begin to deform 
plastically as soon as yield stress is exceeded. Accurate prediction of this transition is important for the design and analysis of structural 
components subjected to dynamic loads such as earthquakes, for modelling the behaviour of soils and rocks under construction loads 
or natural forces, and for additive manufacturing processes where materials are often subjected to complex loads, to name but a few 
applications.

There are various methods for modelling elastic deformation. The Euler-Bernoulli beam theory is a classical approach to model 
the mechanical behaviour of slender beams under load [3]. Euler-Bernoulli theory assumes that plane sections of the beam remain 
perpendicular to its neutral axis after deformation, neglecting shear deformation, making it well-suited for long, slender beams where 
shear effects are minimal. The Timoshenko beam theory [3] is an extension of the Euler-Bernoulli theory that incorporates both 
shear deformation and rotational effects, offering more accurate predictions for shorter, thicker, or more flexible beams. For further 
discussion on beam theories and their motivations, see [4]. To model the bending mechanics of thin elastic plates, the Kirchhoff-Love 
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hypothesis [5,6] provides a simplified yet effective framework. This hypothesis disregards shear deformation, which is valid when 
the plate’s thickness is small in comparison to its other dimensions. To achieve greater accuracy or handle complex materials, higher-
order theories [7,8], such as the Sheremetev-Pelekh-Reddy-Levinson model [9], have been developed. However, at the micro-scale, 
where materials are assumed to behave isotropically, simpler 1D models like the Euler-Bernoulli theory have been shown to provide 
sufficient accuracy [10]. In this paper we will, however, focus on the general Navier-Cauchy theory of elasticity that deals with the 
deformation of 3D elastic bodies under arbitrary loading conditions.

As soon as the material begins yielding, the Navier-Cauchy solution is considered as an initial guess in an iterative algorithm that 
adjusts the solution locally. Traditionally, the Finite Element Method (FEM) is used to solve elasto-plastic problems [11–14]. Although 
FEM is a powerful tool that offers a mature and versatile solution approach including all types of adaptivities, well-understood error 
indicators [15] and an established toolset for Isogeometric Analysis (IGA), i.e. coupling with Computer-Aided Design (CAD) [16], the 
complexity of mesh generation has led researchers to explore alternative methods. In FEM, the domain is discretised by dividing a 
complex geometry into smaller, simpler parts, called finite elements, that cover it entirely. Despite significant developments in the 
field of mesh generation, the process of meshing often remains the most time-consuming part of the overall solution procedure. At 
the same time, the quality of the mesh has a direct impact on the accuracy, convergence and computational cost of the method.

In contrast, meshless methods work with clouds of nodes, which are often referred to as scattered nodes and do not require a 
topological relationship between them. Although some authors argued that arbitrary nodes could be used, it is nowadays generally 
accepted that the domain should be discretised with quasi-uniformly [17] distributed scattered nodes for a stable meshless approx-
imation. Modern node positioning algorithms can automatically populate complex geometries, are dimension-independent, support 
variable node densities and can handle domains whose boundaries are defined by CAD objects [18–23], and are less complex than 
meshing [18].

Throughout the years, several meshless methods have emerged with popular techniques including the Finite Point Method [24], 
Smooth Particle Hydrodynamics [25], Meshless Local Petrov-Galerkin method [26], RBF partition of unity method [27], among 
others. This paper specifically explores a widely recognized method, a local Radial Basis Function-generated Finite differences (RBF-
FD) [28] that has been gaining popularity in recent years. RBF-FD uses polyharmonic (PHS) RBFs augmented with monomials [29]
to avoid stagnation errors and allow control over the convergence rate. In recent years the method has been extensively researched 
as well as applied to various problems [30–34].

In general, meshless methods have already been applied in elasto-plastic problems. In [35] authors demonstrated the Reproducing 
Kernel Particle Method weak solution of Drucker-Prager and Mohr-Coulomb models. Another weak form solution was presented 
in [36], where authors demonstrated the Element free Galerkin method in elasto-plastic stress analysis around the tip of a crack. 
In [37] a Radial Point Interpolation method was demonstrated in elasto-plastic analysis of frame structures.

In weak form methods, the governing equations of plasticity are formulated in an integral form rather than a differential form. 
The key difference from strong form meshless methods, which directly discretize the differential equations at nodes, is that weak 
form methods satisfy these equations in an average sense over the domain, hence potentially increasing the solution’s smoothness 
and numerical stability. However, a recent study revealed that strong form solution might perform better in capturing the peaks in 
the stress comparing it to the weak from solutions [38].

In strong form, elasto-plastic deformation was simulated using the meshless Method of Fundamental Solutions (MFS) to model 
material undergoing plastic deformation, as characterized by the Chakrabarty model [39]. In the RBF-FD context, this problem was 
recently addressed in the analysis of cantilever beams and reinforced concrete column-steel systems [40]. The authors employed a 
multiquadratic basis, requiring shape tuning, which can significantly affect the numerical solution’s accuracy due to stagnation errors 
and the stability of the solution procedure [29,41]. Their solution also stabilized the calculation of the first derivatives using the 
Finite Difference Method (FDM) on bilinear local nodes. However, as their study was limited to regular nodes, they only discussed 
extending the approach to scattered nodes by using fictitious nodes for interpolating the field nodes. This extension was properly 
implemented in a recent paper [42], where the authors argued that direct RBF-FD, without using FDM for the divergence operator, is 
unsuitable for solving elasto-plastic problems. Furthermore, they introduced stabilization of the boundary conditions by adding the 
first two layers of nodes inside the domain opposite the outward-facing normal vector instead of using purely scattered nodes. The 
authors also demonstrated that such stabilization is essential for the method’s convergence.

In this paper, we present a novel approach using a pure RBF-FD with Picard iteration, which requires neither stabilisation of the 
divergence operator nor special positioning of the boundary nodes. The main advantage of such an approach is that the RBF-FD is 
used to approximate all involved operators on purely scattered nodes without the need for special treatment of boundary nodes nor 
special discretisation of any differential operator, which would reduce the elegance of the meshless discretisation and introduce new 
free parameters that need to be tuned. Consequently, the proposed approach can be directly applied to complex geometries and offers 
all the advantages of meshless discretisation. The proposed method is verified by analysing an internally pressurized thick-walled 
cylinder under small strains assumption in a plane strain approximation using the von Mises plasticity model under different loading 
conditions. These conditions induce states of elastic expansion, perfectly-plastic yielding and plastic yielding with linear hardening. 
The results are compared with analytical and FEM solutions. The paper also demonstrates the robustness of this approach by solving 
the case of a thick-walled cylinder with cut-outs. The results confirm that the proposed method produces outcomes comparable to 
those achieved using FEM. At the same time, it offers significant advantages in coping with complex geometries without the need for 
conventional meshing or special treatment of boundary nodes or any involved differential operator. This work extends the spectra of 
meshless solutions to plasticity problems as well as the application of Picard iteration to elasto-plastic materials, originally proposed 
2

by Kołodziej et al. [43], who considered the elasto-plastic properties of prismatic bars using the MFS. The use of Picard iteration has 
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Fig. 1. Sketch of stress and strain relation as a result of a uniaxial tension test.

also been recently reported in the elasto-plastic torsion problem [44] using the MFS and in the Taylor series expansion with moving 
least squares [45].

The layout of the paper is as follows: In Section 2, we briefly revisit the theoretical background of elasto-plastic deformations, 
in Section 3, we provide a detailed description of the proposed solution procedure employing meshless methods – including domain 
discretization, approximation of the differential operators and discretization of the governing equations, in Section 4, analytic and 
FEM solutions are used to validate the proposed methodology on three different cases, in Section 5, we solve a two-dimensional 
problem on an irregular domain, while, in Section 6, our conclusions and findings are gathered.

2. Iterative algorithm for solving elasto-plastic deformation problems

Plastic deformation, also known as plasticity, is the phenomenon when the shape of a solid material undergoes irreversible changes 
in response to applied forces, i.e. the internal structure of the material is changed during the deformation. The transition from elastic 
to plastic behaviour is known as yielding, and the ability to predict this transition is important for the engineering of structures and 
components subjected to different loads and environmental conditions. Typically, uniaxial tensile tests are performed to gain insight 
into the response characteristics of a material when subjected to external loads. When such tests are performed on a ductile material, 
the result is a stress-strain relationship curve as conceptually illustrated in Fig. 1.

In the first segment, the material undergoes elastic deformation. Since the relationship between stress and strain in this segment is 
linear, it is often referred to as linear elastic deformation, where the slope of the curve is the elastic Young’s modulus 𝐸. If the applied 
load is released before the yield stress is reached, the material returns to its original state without permanent structural changes. 
However, if the applied loads introduce internal stresses that exceed the yield stress, the total deformation observed becomes a sum 
of two contributions — the plastic and the elastic part.

The relationship between stress and strain beyond the yielding point is commonly referred to as the hardening curve. If the material 
under consideration is unloaded in this segment, the object no longer returns to its original shape. Instead, at least parts of it remain 
plastically deformed. Different materials exhibit different hardening curves, which are marked in red in Fig. 1. A frequently considered 
simplification of the hardening curve is ideal plasticity, in which the yield stress is constant beyond the yielding point (see dashed 
red line in Fig. 1). Another common modelling approach is to use the linear hardening curve, which is marked with the red dotted 
line. Such a modelling approach leads to a bilinear elastic-plastic material behaviour, since both the elastic and the plastic regimes 
are governed by a linear stress-strain relation. In this case, the Young’s modulus 𝐸 denotes the slope in the elastic regime and the 
hardening rate 𝐻 denotes the slope in the plastic regime. In practice, the hardening regime is usually represented as a curve that is 
fitted to experimental data obtained from uniaxial tensile tests, whereby in the simplest case a piecewise linear fit is made between 
the experimental data points, which leads to multilinear material models.

The study presented in this work is limited to rate-independent materials, where the deformation of the material under consider-
ation does not depend on the rate of applied loads. The study is also limited to isotropic hardening, where the evolution of the yield 
stress surface corresponds to a uniform (isotropic) expansion of the initial yield surface. A detailed discussion of other stress-strain 
relationships and different types of hardening can be found in [11].

Initially, the deformation is elastic, as depicted in Fig. 1. The principal assumption of linear elasticity is that, when subjected to 
external forces, a body deforms linearly – obeying Hooke’s law. Thus, the stress tensor 𝝈 is defined as the product of the elasticity 
tensor De and the strain tensor 𝜺,

𝝈 =De𝜺, (1)

commonly expressed as De = 2𝜇I𝑆 + 𝜆𝐈 ⊗ 𝐈, for symmetric identity tensor I𝑆 , identity matrix 𝐈 and first and second Lamé parameters 
3

𝜆 and 𝜇, respectively. Lamé parameters are commonly expressed in terms of Young’s modulus 𝐸, and Poisson’s ratio 𝜈 as
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𝜆 = 𝐸𝜈

(1 − 2𝜈) (1 + 𝜈)
and 𝜇 = 𝑒

2 (1 + 𝜈)
. (2)

Under small-strain assumption the strain tensor 𝜺 and displacement vector 𝑢 are related as

𝜺 = ∇𝑢+ (∇𝑢)⊺

2
. (3)

Considering (1) and (3) and the stationary Cauchy momentum equation in the absence of external forces (∇ ⋅ 𝝈 = 0), one gets a 
well-known Navier-Cauchy equation

(𝜆+ 𝜇)∇(∇ ⋅ 𝑢) + 𝜇∇2𝑢 = 0, (4)

describing the linear-elastic deformation.
Two main types of boundary conditions are often used: essential boundary conditions and traction boundary conditions, also 

known as natural boundary conditions. Essential boundary conditions are used to define displacements 𝑢0 along certain parts of the 
domain boundary, denoted by 𝑢 = 𝑢0. On the other hand, the traction boundary conditions are concerned with defining the surface 
traction 𝑡⃗0, expressed as 𝝈𝑛 = 𝑡⃗0, where 𝑛 is the outward-facing unit normal to the boundary of the domain.

Upon surpassing a critical stress threshold (yield stress 𝜎𝑦), the material undergoes localised irreversible plastic deformation. In 
the plastic regime, the total local deformation has two contributions. One due to the elastic strain 𝜺e and another due to the plastic 
strain 𝜺𝑝. The sum of both is referred to as the total strain 𝜺 = 𝜺𝑒 + 𝜺𝑝. In the plastic regime, the Navier-Cauchy (4) is therefore no 
longer valid. To check its validity, different criteria such as the Tresca, the Mohr-Coulomb, the von Mises yield or the Drucker-Prager 
criterion [11] can be used. In this paper we focus on the von Mises yield criterion, which assumes that the yield stress (𝜎𝑦) is a 
function of the scalar equivalent plastic strain 𝜀𝑝 (see Fig. 15 as an example of such a stress-strain relationship). The criterion is based 
on the yield function Φ, which is defined as

Φ= 𝜎VMS𝑛 − 𝜎𝑦(𝜀
𝑝
𝑛), (5)

where a scalar value 𝜀𝑝 denotes the accumulated plastic strain and 𝜎VMS stand for von Mises stress defined as

𝜎VMS =
1√
2

[
(𝜎𝑥𝑥 − 𝜎𝑦𝑦)2 + (𝜎𝑦𝑦 − 𝜎𝑧𝑧)2 + (𝜎𝑧𝑧 − 𝜎𝑥𝑥)2(𝜎𝑥𝑥 − 𝜎𝑦𝑦)2 + 6

(
𝜎2𝑥𝑦 + 𝜎2𝑦𝑧 + 𝜎2𝑥𝑧

)] 1
2
. (6)

If Φ > 0, the material locally undergoes plastic deformation, otherwise the deformation is elastic:{
Φ ≤ 0, elastic deformation → solution of Navier-Cauchy locally valid

Φ > 0, plastic deformation → solution of Navier-Cauchy is locally invalid.
(7)

In the elastic regime, the Navier-Cauchy solution is accepted, while in the plastic regime a correction is applied that adjusts the 
calculated stresses and strains and account for plastic effects.

Since the stress state reflects the history of the applied stress, the problem can be solved incrementally by applying partial loads 
to the body that eventually add up to the total load [11,46]. The key concept behind this approach is that each partial load applied 
to the body is assumed to result in a purely elastic deformation. Thus, an initial estimate is obtained by solving the Navier-Cauchy 
Equation (4), which leads to a vector field of displacement increments 𝛿𝑢 corresponding to the amount of the applied partial load. In 
the 𝑖-th load step, 𝑖 ≤𝑁load, the following set of bulk state predictions is obtained

𝑢𝑖 = 𝑢𝑖−1 + 𝛿𝑢,

𝛿𝜺 =
∇
(
𝛿𝑢

)
+ (∇

(
𝛿𝑢

)
)⊺

2
,

𝜺e𝑖 = 𝜺e
𝑖−1 + 𝛿𝜺,

𝜺
𝑝
𝑖
= 𝜺

𝑝

𝑖−1,

𝜀
𝑝
𝑖
= 𝜀

𝑝

𝑖−1,

𝝈𝑖 =De𝜺e𝑖 ,

(8)

and the stress tensor is calculated only from the elastic strain.
In the next step, we check the validity of the stress by evaluating the yield criterion (7). If Φ ≤ 0, the yield condition has not 

been violated and the assumed elastic deformation calculated with (4) is valid. If Φ > 0, however, the prediction of purely elastic 
deformation was wrong. Therefore, the solution must first be adapted locally according to the return mapping procedure. We use the 
single-equation return mapping scheme as proposed in [11]. For this purpose, an incremental plastic multiplier Δ𝛾 is introduced.

The aim of the return mapping procedure is to find such a Δ𝛾 that fulfils the following equality [11]

Φ= 𝜎VMS𝑖 − 3𝜇Δ𝛾 − 𝜎𝑦(𝜀
𝑝
𝑖
+Δ𝛾) = 0. (9)

We use a Newton-Raphson approach (see Algorithm 1 for details) to solve (9) and finally, with the computed Δ𝛾 , the local bulk state 
4

variables are temporarily updated
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𝐬𝑗+1
𝑖

=
(
1 − Δ𝛾3𝜇

𝜎VMS
𝑗
𝑖

)
𝐬𝑗
𝑖
,

𝝈
𝑗+1
𝑖

= 𝐬𝑗+1
𝑖+1 + 𝑝

𝑗+1
𝑖+1 𝐈,

𝜺
e 𝑗+1
𝑖

= 1
2𝜇

𝐬𝑗+1
𝑖+1 + 1

3
𝜀
e 𝑗
𝑣 𝑖

𝐈,

𝜀
𝑝 𝑗+1
𝑖

= 𝜀
𝑝 𝑗
𝑖

+Δ𝛾,

(10)

where 𝐬 and 𝑝 denote the deviatoric and hydrostatic components of the stress tensor and 𝜀e𝑣 =
∑

diag(𝜺e) is the volumetric component 
of the elastic strain and 𝑗 denotes the global optimisation index. The updated stress 𝝈𝑗+1

𝑖
does not fulfill Navier-Cauchy equation 

anymore, i.e.

∇ ⋅ 𝝈𝑗+1
𝑖

= −𝛿𝑟, (11)

where vector 𝑟 ≠ 0 stands for residual. To drive the state towards correct solution a global optimisation is performed. In our case we 
use the Picard iteration to perform the global optimization, where (11) is set as the RHS of (4), and the whole process repeats until

‖‖𝛿𝑟‖‖ < 𝜖tol (12)

holds in all of the nodes with 𝜖tol standing for prescribed tolerance [46]. Note, that during global optimization, the boundary conditions 
need to be updated accordingly, e.g., at the 𝑖-th load step, the total prescribed stress at the boundary Ω is

𝝈(Ω) = 𝝈load 𝑖 =
∑
𝑖

𝛿𝝈, (13)

and after 𝑗 global optimization steps, this boundary condition reads

𝝈(Ω) = 𝝈load 𝑖 − 𝝈(Ω)𝑗
𝑖
. (14)

Once the current load step converges, a new partial load is applied, and the whole process is repeated until the sum of partial 
loads equals the prescribed total load.

Algorithm 1 Return mapping algorithm.

Input: Material properties Π, maximum return mapping iterations 𝐼max and return mapping tolerance 𝜖tol .
Output: Incremental plastic multiplier Δ𝛾 .

1: function return_mapping(Π, 𝐼max, 𝜖tol)
2: 𝑘 ← 0 ⊳ Initializing iteration counter.
3: Φ⋆ ← 𝜎VMS𝑛 − 𝜎𝑦(𝜀

𝑝

𝑛
) ⊳ Initializing residual yield function value.

4: // Newton-Raphson iteration:
5: do

6: 𝐻 ←
d𝜎𝑦
d𝜀𝑝

|||𝜀𝑝
𝑛
+Δ𝛾

⊳ Hardening curve slope evaluated at 𝜀𝑝
𝑛
+Δ𝛾 .

7: Δ𝛾 ←Δ𝛾 + Φ⋆

3𝜇+𝐻
⊳ New guess for Δ𝛾 .

8: Φ⋆ = 𝜎VMS𝑛 − 3𝜇Δ𝛾 − 𝜎𝑦(𝜀
𝑝

𝑛
+Δ𝛾) ⊳ Re-evaluate residual.

9: 𝑘 = 𝑘 + 1 ⊳ Increase number of Newton-Raphson iterations.
10: while |Φ⋆| > 𝜖tol and 𝑘 < 𝑘max

11: return Δ𝛾 ⊳ Return incremental plastic multiplier Δ𝛾 .
12: end function

The backbone of the above solution procedure is the numerical treatment of the Navier-Cauchy (4) PDE that requires an appropriate 
domain discretisation, partial differential operators discretisation and ultimately solution of global sparse system resulting from the 
discretisation of the (4). All these steps are discussed in detail in the following section.

The entire solution procedure demonstrated in Algorithm 2 and schematically presented in Fig. 2.

3. Solution to Navier-Cauchy equation using RBF-FD approximation

In this section, we will discuss how to numerically solve the Navier-Cauchy equation (4) using the RBF approximation on scattered 
nodes. In the first step, the domain Ω and its boundary are populated with discrete nodes at which the solution is to be calculated. 
Afterwards, linear differential operators governing the equation at hand are approximated at each node 𝐱𝑖 ∈Ω. In the third step, the 
Navier-Cauchy equation is approximated by a system of algebraic equations, which is represented as a global sparse system. In the 
last step, the sparse system is solved, which leads to a numerical solution. In the following subsections, each of the above steps is 
5

discussed.
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Algorithm 2 Solution procedure algorithm.

Input: The problem, nodal density function ℎ, stencil size 𝑛, linear differential operators , approximation basis 𝜉, material properties Π, number of load steps 𝑁load, 
external load 𝜎load , maximum return mapping iterations 𝐼max and return mapping tolerance 𝜖tol .
Output: Deformation field 𝐮 and corresponding stress and strain tensors 𝝈 and 𝜺 respectively.

1: function solve(problem, ℎ, 𝑛, 𝜉, Π, 𝑁load, 𝜎load, 𝐼max, 𝜖tol)
2: Ω ← discretise_domain(ℎ) ⊳ Discretize the domain.
3:  ← aproximate(problem, 𝜉, Ω, 𝑛) ⊳ Differential operator approximation.
4: for 𝑖 ← 0 to 𝑁load do

5: 𝛿𝑢 = 𝟎 ⊳ Initalize displacement changes.
6: 𝛿𝑟 = 𝟎 ⊳ Initalize residuum force changes.
7:
8: // Picard iteration
9: do

10: 𝛿𝑢← solve_elastic(problem, Π, 𝛿𝑟, 𝜕𝜎load) ⊳ Linear-elastic guess for partial load 𝜕𝜎load = 𝜎load
𝑁load

.

11: 𝑢 = 𝑢+ 𝛿𝑢

12: 𝜺, 𝝈 ← process(𝑢, Π) ⊳ Compute strain and stress tensors.
13:
14: for each 𝑝 in Ω do

15: if 𝜎VMS(𝑝) > 𝜎yield then

16: 𝝈(𝑝), 𝜺(𝑝) ← return_mapping(𝐼max , 𝜖tol , Π)
17: end if

18: end for

19: 𝛿𝑟← compute_residuum(𝝈) ⊳ Estimate residuum forces.
20: while max(‖‖𝛿𝑟‖‖) > 𝜖tol ⊳ Repeat until residuum forces are sufficiently small.
21: end for

22: return 𝜺, 𝝈, ⃗𝑢 ⊳ Return strains, stresses and displacements for all computational nodes.
23: end function

Fig. 2. Schematic presentation of Algorithm 2. Note that elements of each loop are marked with different colour.

3.1. Node generation

In the RBF community, an established approach for stable and accurate RBF approximation is to discretise domain of interest with 
quasi-uniformly scattered nodes [47,17]. Although there is still no generally accepted consensus on a measure of node quality, two 
quantities are often considered for this purpose, namely the minimum distance between any pair of nodes, often referred to as the 
separation distance, and the maximum empty space without nodes, commonly referred to as the fill distance. Here we use an algorithm 
that generates nodes according to the above guidelines [18] and has been used many times in RBF-related research [48,32,49–51].

The algorithm is of an iterative advancing-front type. It begins with start nodes that are placed in an expansion queue. In our partic-
6

ular case, we first distribute the nodes on the boundary, and since the boundary is one-dimensional, they can trivially be distributed 
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uniformly (Fig. 5, far left). In each iteration, a node is selected from a queue and expanded by generating new candidates (in our 
case 12 candidates) uniformly on a randomly rotated annulus around the processed point. Note that for different randomisations, i.e. 
different random seeds, of the annulus rotations, we obtain different node layouts, all conforming to the quasi-uniformity guidelines. 
These candidates are then processed, discarding those that are outside the domain or too close to existing nodes. In the final iteration 
step, the nodes that were not discarded are placed in a queue. The iteration is continued until the queue is empty to ensure that the 
domain is fully covered with nodes.

The algorithm is dimension-independent and capable of populating complex geometries. It also allows variable internodal dis-
tances, which can be used as cornerstones for ℎ [31] or ℎ𝑝 [32] adaptivities. It has also been further developed for the generation 
of nodes on parametric surfaces [19] as well as for domains whose boundaries are represented as CAD models [23], and tailored for 
parallel execution on shared memory architectures [52]. Interested readers are referred to the original paper [18] for more details 
on the node generation algorithm or its standalone C++ implementation in the Medusa library [53].

3.2. Approximation of differential operators

After computational nodes have been positioned, linear differential operators of the governing system of PDEs are approximated 
using a set of nearby nodes, commonly referred to as stencil nodes. While different stencil selection strategies have been proposed [54,
55], we resort to the most common approach using a cloud of closest 𝑛 nodes.

Let us assume a linear differential operator  in point 𝐱𝑐 ∈Ω and its stencil nodes 
{
𝐱𝑐

}𝑛
𝑖=1 = . The approximation is then sough 

using ansatz

(𝑔)(𝑥⃗𝑐 ) ≈
𝑛∑
𝑖=1

𝑤
𝑖 𝑔(𝑥⃗𝑖), (15)

for any function 𝑔 and unknown weights 𝐰 that are obtained by enforcing the equality of approximation (15) for a chosen set of 
basis functions 𝐟(𝑥⃗), i.e.

𝑛∑
𝑖=1

𝑤𝑖𝑓𝑗 (𝑥𝑖) = (𝑓𝑗 )(𝑥𝑐). (16)

Gathering all 𝑛 equations for a given stencil results in a linear system

𝐅𝐰 = 𝓵𝑓 , 𝐅 =
⎡⎢⎢⎣
𝑓 (‖‖𝑥1 − 𝑥1‖‖) ⋯ 𝑓 (‖‖𝑥𝑛 − 𝑥1‖‖)

⋮ ⋱ ⋮
𝑓 (‖‖𝑥1 − 𝑥𝑛

‖‖) ⋯ 𝑓 (‖‖𝑥𝑛 − 𝑥𝑛
‖‖)

⎤⎥⎥⎦ , 𝓁𝑖
𝑓
=
(
𝑓𝑖(𝑥⃗)

)|||𝑥⃗=𝑥𝑐 . (17)

In this work, Polyharmonic Splines (PHS) are used as an approximation basis defined as

𝑓 (𝑟) =

{
𝑟𝑘, 𝑘 odd

𝑟𝑘 log 𝑟, 𝑘 even
(18)

for Euclidean distance 𝑟. A particularly appealing property of PHS is the lack of shape parameter [56].
Note that it has previously been observed that the use of PHS as basis functions does not guarantee convergent behaviour or 

solvability [47]. Convergent behaviour and conditional positive definiteness can be guaranteed if the approximation basis is expanded 
with monomials [57,47,58]. Therefore, the system (17) is augmented with 𝑁𝑝 =

(𝑚+𝑑
𝑑

)
monomials 𝑝 with orders up to (and including) 

degree 𝑚 for a 𝑑-dimensional domain, which results in an overdetermined system of equations describing the constrained optimization 
problem [58]. In practice, the weights 𝐰 are expressed as a solution to the equation[

𝐅 𝐏
𝐏𝖳 𝟎

][
𝐰
𝝀

]
=
[
𝓵𝑓

𝓵𝑝

]
, (19)

with the matrix 𝐏 of the evaluated monomials and Lagrangian multipliers 𝜆 that are discarded once the weights are computed.
The discussed approach is also known as a RBF generated finite differences method (RBF-FD) that is a popular choice in the 

meshless community due to its stability [33,59]. For a stable RBF-FD approximation, the stencil size is chosen as

𝑛 = 2
(
𝑚+ 𝑑

𝑑

)
, (20)

for a 𝑑-dimensional domain as recommended in [29]. For clarity, example stencil sizes 𝑛 for different orders of monomial augmen-
tation 𝑚 are shown in Table 1.

3.3. Navier-Cauchy equation discretization

In previous sections we discussed how to numerically approximate differential operators on scattered nodes, in this subsection, 
we discuss the discretisation of the Navier-Cauchy equation (4). Since we deal with a two dimensional domain, we first express the 
7

governing problem component-wise 𝑢 = (𝑢, 𝑣) as
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Table 1

Example stencil sizes in different 
dimensions for various augmenta-
tion orders.

𝑚 𝑑 = 1 𝑑 = 2 𝑑 = 3

2 6 12 20
4 10 30 70
6 14 56 168

(𝜆+ 𝜇) 𝜕
𝜕𝑥

(
𝜕𝑢

𝜕𝑥
+ 𝜕𝑣

𝜕𝑦

)
+ 𝜇

(
𝜕2𝑢

𝜕𝑥2
+ 𝜕2𝑢

𝜕𝑦2

)
= 0 and (21)

(𝜆+ 𝜇) 𝜕
𝜕𝑦

(
𝜕𝑢

𝜕𝑥
+ 𝜕𝑣

𝜕𝑦

)
+ 𝜇

(
𝜕2𝑣

𝜕𝑥2
+ 𝜕2𝑣

𝜕𝑦2

)
= 0, (22)

and natural boundary conditions

𝑡0𝑥 = 𝜇𝑛𝑦
𝜕𝑢

𝜕𝑦
+ 𝜆𝑛𝑥

𝜕𝑣

𝜕𝑦
+ (2𝜇 + 𝜆)𝑛𝑥

𝜕𝑢

𝜕𝑥
+ 𝜇𝑛𝑦

𝜕𝑣

𝜕𝑥
and (23)

𝑡0𝑦 = 𝜇𝑛𝑥
𝜕𝑢

𝜕𝑦
+ (2𝜇 + 𝜆)𝑛𝑦

𝜕𝑣

𝜕𝑦
+ 𝜆𝑛2

𝜕𝑢

𝜕𝑥
+ 𝜇𝑛𝑥

𝜕𝑣

𝜕𝑥
, (24)

with surface traction 𝑡0 = (𝑡0𝑥, 𝑡0𝑥) and outward-facing unit normal to the domain boundary 𝑛 = (𝑛𝑥, 𝑛𝑦).
The aim here is to transform the above PDEs into a system of algebraic equations. To do so, equations (22) and (24) are considered 

in 𝑁 computational nodes, where corresponding partial differential operators are discretised using (15), resulting in a global system 
schematically represented as [60][

𝐖11 𝐖12
𝐖21 𝐖22

][
𝐮
𝐯

]
=
[
𝐛1
𝐛2

]
, (25)

where 𝐮 and 𝐯 stand for vector of size 𝑁 containing the unknown discrete displacements components. Vectors 𝒃𝟏 and 𝒃𝟐 hold RHS 
and boundary conditions values and in blocks 𝐖11, 𝐖12, 𝐖21, 𝐖22 stencil weights (19) are stored. To discretise the Navier-Cauchy 
equation, stencil weights for approximation of first and second derivatives 𝐰𝜕𝑥

𝑖
, 𝐰𝜕𝑦

𝑖
, 𝐰𝜕2𝑥

𝑖
, 𝐰𝜕2𝑦

𝑖
, 𝐰𝜕𝑥𝑦

𝑖
are required in each node 𝑖 (how 

to compute those is discussed in section 3.2). To assemble the system (25), we also need a vector of stencil nodes of 𝑖-th discretisation 
node  (𝑖). The system is finally expressed as

𝑊
𝑖, (𝑖)𝑗
11 =

[
(𝜆+ 2𝜇)𝐰𝜕2

𝑖 + 𝜇𝐰𝜕2𝑦
𝑖

]
𝑗

𝑊
𝑖, (𝑖)𝑗
12 =

[
(𝜆+ 𝜇)𝐰𝜕𝑥𝜕𝑦

𝑖

]
𝑗

𝒃1𝑖 = 0

⎫⎪⎪⎬⎪⎪⎭
, (26)

𝑊
𝑖, (𝑖)𝑗
21 =

[
(𝜆+ 𝜇)𝐰𝜕𝑥𝜕𝑦

𝑖

]
𝑗

𝑊
𝑖, (𝑖)𝑗
22 =

[
𝜇𝐰𝜕2𝑥

𝑖 + (𝜆+ 2𝜇)𝝌𝜕2𝑦
𝑖

]
𝑗

𝒃2𝑖 = 0

⎫⎪⎪⎬⎪⎪⎭
, (27)

with 𝑖 ∈ [1, 𝑁] and 𝑗 ∈ [1, 𝑛]. In the same manner the lines representing the normal boundary conditions are assembled

𝑊
𝑖, (𝑖)𝑗
11 =

[
𝜇𝑛2𝐰

𝜕𝑦
𝑖

+ (2𝜇 + 𝜆)𝑛1𝐰𝜕𝑥
𝑖

]
𝑗

𝑊
𝑖, (𝑖)𝑗
12 =

[
𝜆𝑛1𝐰

𝜕𝑦
𝑖

+ 𝜇𝑛2𝐰𝜕𝑥
𝑖

]
𝑗

𝒃1𝑖 = 𝑡0𝑥,1

⎫⎪⎪⎬⎪⎪⎭
, (28)

𝑊
𝑖, (𝑖)𝑗
21 =

[
𝜇𝑛1𝐰

𝜕𝑦
𝑖

+ 𝜆𝑛2𝐰𝜕𝑥
𝑖

]
𝑗

𝑊
𝑖, (𝑖)𝑗
22 =

[
𝜇𝑛1𝐰𝜕𝑥

𝑖 + (2𝜇 + 𝜆)𝑛2𝐰
𝜕𝑦
𝑖

]
𝑗

𝒃2𝑖 = 𝑡0𝑦,𝑖

⎫⎪⎪⎬⎪⎪⎭
, (29)

while in essential boundary conditions nodes, we simply express

𝑊 𝑖,𝑖
11 = 1 𝑊 𝑖,𝑖

22 = 1
8

𝒃1𝑖 = 𝑢0𝑥,𝑖
and

𝒃2𝑖 = 𝑢0𝑦,𝑖
. (30)
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Fig. 3. Schematic representation of a pressurized thick-walled pipe expansion.

The example of assembled system is depicted in Fig. 6. Solving this system provides the numerical solution to the Navier-Cauchy 
problem as formulated in Equation (4).

3.4. Note on implementation and used parameters

The entire solution procedure is implemented in C++1 and it is strongly dependent on our in-house open-source mesh-free project 
Medusa [53]. In all following analyses, a RBF-FD approximation with PHS basis of order 𝑘 = 3 and augmenting monomials of order 
𝑚 = 3 on stencil size of 𝑛 = 20 is used. The Picard iteration tolerance is set to 𝜖tol = 10−6. The final sparse linear system, is solved 
with the direct SparseLU using Eigen C++ library [61]. Post-processing was done with Python 3.10.6 and Jupyter notebooks, also 
available in the provided git repository.1

The code1 was compiled using g++ (GCC) 11.3.0 for Linux with -O3 -DNDEBUG flags on AMD EPYC 7713P 64-Core 
Processor computer. The highest RAM usage during the computation was approximately 4 GB, thus, no RAM-related issues were 
encountered due to using the direct SparseLU solver in the process.

4. Numerical examples

The proposed solution procedure is applied to three different cases:

(i) the linear-elastic case in Section 4.1,
(ii) the perfectly plastic elasto-plastic case in Section 4.2 and

(iii) the elasto-plastic case with linear isotropic hardening in Section 4.3.

The first two problems have been extensively studied by other researchers. De Souza et al. [11] used FEM to obtain numerical 
solutions, while Hill [2] derived the analytical solutions. Here, both analytical and FEM solutions are used to evaluate the accuracy 
of the present solution procedure and to validate it.

The calculation domain is the same for all three cases: a thick-walled pipe with inner and outer radii 𝑎 = 100 mm and 𝑏 = 200 mm
respectively. As shown schematically in Fig. 3, only a quarter of the pipe from the first quadrant is considered. The material properties 
were constant for all cases considered: Young’s modulus 𝐸 = 210 GPa, Poisson’s ratio 𝜈 = 0.3 and yield stress 𝜎𝑦 = 0.24 GPa. The left 
side of the pipe is constrained to move freely in the (vertical) 𝑦-direction, while the lower side of the pipe can only move in the 
(horizontal) 𝑥-direction. The outer wall of the pipe is traction free (𝝈𝐧⃗ = 0), while the inner wall is subjected to an internal pressure 
9

1 Source code is available at https://gitlab .com /e62Lab /public /p _2d _plasticity under tag v1.0.

https://gitlab.com/e62Lab/public/p_2d_plasticity
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Fig. 4. Assessment of the present solution of the purely elastic case. The scattered plot is displaying the relative error in all nodes.

𝑝, which, as explained in Section 2, is gradually increased until the full amount acts on the inner surface of the pipe, i.e. 𝑝∕𝑁load is 
applied at each load step. All boundary conditions can also be found on the problem scheme in Fig. 3.

The amount of the internal pressure depends on the case considered: 0.05 GPa for the linear elastic case, 0.19 GPa for the perfectly 
plastic case and 0.175 GPa for the case with linear isotropic hardening. Note that all the following analyses are performed assuming 
plane strain conditions, which means that the out-of-plane or 𝑧-direction strains are all zero, i.e. 𝜀𝑧𝑧 = 𝜀𝑥𝑧 = 𝜀𝑦𝑧 = 0, and is thus 
applicable to the cross-sections of very thick (semi-infinite) bodies.

4.1. The linear elastic case

To establish the basic confidence level in the proposed solution procedure, the internal pressure 𝑝 is set to a value of 0.05 GPa, 
which is intentionally low, to assure that all deformations are well within the elastic regime. The case has an analytic solution [11,2]
given in cylindrical coordinates

𝜎𝑟 = −
⎛⎜⎜⎝
𝑏2

𝑟2
− 1

𝑏2

𝑎2
− 1

⎞⎟⎟⎠𝑝,
𝜎𝜃 =

⎛⎜⎜⎝
𝑏2

𝑟2
+ 1

𝑏2

𝑎2
− 1

⎞⎟⎟⎠𝑝,
𝜎𝑧 =

2𝜈
𝑏2

𝑎2
− 1

𝑝,

𝑢𝑟 =
𝑝

𝑒

(1 + 𝜈) (1 − 2𝜈) 𝑟+ (1 + 𝜈) 𝑏
2

𝑟

𝑏2

𝑎2
− 1

,

(31)

which we use for verification of the Navier-Cauchy solver.
To verify the performance of the proposed solution procedure using scattered nodes, we numerically solve the problem in Cartesian 

coordinate system. In Fig. 4, the RBF-FD solution is compared with the (31). We see that the present method agrees well with the 
closed-form solution, with the relative error of the numerical solution being well below 1� when 𝑁 ≈ 95 000 nodes are used. In the 
right plot of Fig. 5, we vary the internodal distance ℎ and examine its effect on the accuracy of the numerical solution when the local 
field description improves. The error ‖‖𝐮(𝐱𝑖) − 𝑢𝑟(𝐱𝑖)𝐞𝑟(𝐱𝑖)‖‖ is calculated for each computational point 𝐱𝑖 ∈Ω and the 𝓁2-norm of the 
numerical solution error is plotted against the number of discretization nodes 𝑁 . For clarity, an example of the spatial distribution of 
the error of the displacement magnitude is shown in the centre of Fig. 5. Since there is practically an infinite number of possible node 
layouts for a given ℎ, which depend on the number and position of the seed nodes, the number of expansion candidates and different 
randomisations (random seed) during candidate generation, we also test the spread of the solutions with respect to this variation. 
The left graph in Fig. 5 shows two different node layouts with different settings for the initial node generation. For each data point 
in the right plot of Fig. 5, we varied the node generation setting and obtained an ensemble of 10 solutions as a result. The ensemble 
converges in both respects, i.e. the finer the domain discretizations the higher the accuracy and the lower the scatter.

Note that all solutions in this section were obtained by immediately forcing the full amount of internal pressure 𝑝, omitting the 
gradual load increase over 𝑁load load steps for computation by setting 𝑁load = 1. This is justified as only elastic deformations are 
expected and the solution procedure never encountered a local violation of the von Mises yield criterion from Equation (5), i.e. the 
10

return mapping Algorithm 1 was never used.
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Fig. 5. An example of scattered nodes using two different random seeds (left), spatial distribution of the displacement magnitude error (middle) and convergence of 
the 𝓁2−norm of the displacement vector for the linear-elastic case (right).

Fig. 6. Sparsity of final matrices (top row) and spectrum (bottom row) for three different discretization qualities.

The sparsity patterns of the final large sparse systems are shown in Fig. 6. The top row shows the sparsity of the systems for 
three different discretization qualities of the domain. The bottom row of Fig. 6 shows the spectra of the three matrices. The ratios 
between the real and imaginary parts of the eigenvalues agree well with previous studies [48,29,56]. Most eigenvalues have an order 
of magnitude larger real part compared to the relatively small imaginary parts.

4.2. Perfectly-plastic yielding of an internally pressurized thick-walled cylinder

With the established confidence in the implementation of the elastic deformation, the internal pressure 𝑝 is increased to 0.19 GPa, 
which is sufficient to initiate irreversible plastic deformations. The pressure 𝑝 is gradually increased until a prescribed load is reached, 
as proposed in Algorithm 2.

For the cylindrically symmetric problem at hand, the plastic yielding starts at the inner surface (𝑟 = 𝑎) and gradually develops 
towards the outer surface (𝑟 = 𝑏) in the form of a circular front at 𝑟 = 𝑐. The material collapses when the plastic front reaches the 
outer surface (𝑐 = 𝑏). At this point, the entire domain is plastically deformed and the external load required to reach this state is 
referred to as the limit load.2

Analytical solutions for the components of the normal stress tensor and for the radial displacement are given in [2,1]. Hill as-
sumes the Tresca yielding criterion in his derivation, but argues that this can be a good approximation to the von Mises yielding 
11

2 For the present dimensions and material properties, the limit load is 𝑝lim ≈ 0.19209 GPa as discussed by de Souza [11].
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Fig. 7. Example of numerical solution for perfectly plastic case at 𝑝 = 0.19 GPa, 𝑁 = 95 300 nodes at the final load step 𝑁load = 25. The dashed line represents plastic 
front position 𝑐 = 186.67 mm.

criterion [2]. Provided that the cylinder has started yielding, and the position of the plastic front within the cylinder is at 𝑐, the 
analytical approximations are as follows

𝜎𝑟 = − 2𝑐2√
3𝑏2

(
𝑏2

𝑟2
− 1

)
𝜎𝑦

𝜎𝜃 =
2𝑐2√
3𝑏2

(
𝑏2

𝑟2
+ 1

)
𝜎𝑦

𝜎𝑧 =
4𝜈𝑐2√
3𝑏2

𝜎𝑦

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
𝑐 ≤ 𝑟 ≤ 𝑏,

𝜎𝑟 = − 2√
3

(
1 − 𝑐2

𝑏2
+ ln 𝑐

2

𝑟2

)
𝜎𝑦

𝜎𝜃 =
2√
3

(
1 + 𝑐2

𝑏2
+ ln 𝑐

2

𝑟2

)
𝜎𝑦

𝜎𝑧 =
4𝜈𝑐2√

3

(
𝑐2

𝑏2
− ln 𝑐

2

𝑟2

)
𝜎𝑦

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
𝑎 ≤ 𝑟 ≤ 𝑐,

𝑢𝑟 = (1 − 𝜈)
2𝜎𝑦𝑐2√
3𝜇𝑟

+ (1 − 2𝜈)
𝜎𝑟𝑟

2𝜇
, 𝑎 ≤ 𝑟 ≤ 𝑏,

(32)

where 𝑐 is determined from its relation to the cylinder’s internal pressure 𝑝 as

𝑝 =
2𝜎𝑦√
3

(
1 − 𝑐2

𝑏2
+ ln 𝑐

2

𝑎2

)
. (33)

As in the previous case, we use Cartesian coordinates, even though the solution is given in cylindrical coordinates. In this case, 
the internal pressure has been gradually increased over 𝑁load = 25 load steps. Example solution for the last load step corresponding 
to internal pressure 𝑝 = 0.19 GPa is shown in Fig. 7. Figure shows the normal stresses 𝜎𝑟, 𝜎𝜃 and 𝜎𝑧 and the von Mises stress 𝜎VMS. 
Additionally, the plastic front at 𝑐 = 186.67 mm is shown with a dashed pink line.

The accuracy of the numerical solution is further evaluated in Figs. 8 and 9, where the present solution procedure is compared 
with the analytical solution (see Equations (32)) and with the FEM solution. The commercial software package Abaqus was used 
to obtain the FEM solution. The FEM domain was discretized with a structured mesh consisting of 23 600 biquadratic plane strain 
12

quadrilaterals with 8 nodes (CPE8) with 71 473 nodes, which corresponds to a side length of the elements of approximately 1 mm.
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Fig. 8. Displacement magnitude ‖𝐮‖ for the perfectly plastic case. For clarity, only every second point is shown for the FEM solution.

Fig. 9. Stress analysis in case of perfectly elasto-plastic problem.

Fig. 8 shows the displacement magnitude with respect to the radial coordinate 𝑟 for all 𝑁 = 95 300 nodes of the present method 
and for nodes along the 𝑦 = 0 line for the FEM approximation. We are pleased to observe that the proposed solution procedure shows 
good agreement with the FEM solution over the entire domain. However, both the FEM and the RBF-FD solution deviate slightly from 
the analytical solution. The most likely reason for the deviation from the analytical solution is the different yield criteria used.

In addition, Fig. 9 evaluates the performance of the present method in terms of stresses. In particular, the figure shows the normal 
stress components and the von Mises stress 𝜎VMS with respect to the radial coordinate 𝑟. There is a good agreement between the 
present method and the FEM solution, while both show some differences compared to the analytical solution, especially near the 
elastic-plastic interface.

4.2.1. The effect of load stepping

This section briefly discusses the influence of 𝑁load on the solution accuracy and the convergence of the Picard iteration. In the 
13

left plot of Fig. 10, the effect of 𝑁load on the final displacement accompanied with the average number of Picard iterations per step is 
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Fig. 10. The effect of number of load steps 𝑁load on the accuracy of the numerical solution in terms of maximum displacement magnitude ‖𝐮‖ and number of Picard 
iteration per step (left). Example of residual convergence at sixth load step in simulation with ten load steps (right).

Table 2

Constant values to reproduce the fit lines from Fig. 11.

regime 𝐶1 𝐶2 𝐶3 𝐶4

plastic −9.015 ⋅ 101 2.751 ⋅ 103 8.877 ⋅ 10−2 1.123
elastic 3.036 ⋅ 102 −9.989 ⋅ 103 −7.823 ⋅ 10−1 −5.176

presented. We see that 𝑁load has no effect on the final solution in this particular case, i.e. the maximum displacement is almost constant 
with respect to the 𝑁load (note the scale of the left 𝑦-axis). On the other hand, increasing the 𝑁load leads to additional computational 
effort. Although the average number of required Picard iterations per step decreases with increasing 𝑁load , the cumulative number of 
iterations increases. The right-hand plot of Fig. 10 shows the Picard convergence for a setup with 𝑁load = 10 in the sixth step, which 
is similar to the one presented in [46].

However, it is important to keep in mind that for some problems the degree of nonlinearity of the return-mapping equations is so 
high that the convergence radius of iteration scheme is reduced [11]. In such cases, improved initial guesses or an increased number 
of load steps is recommended [11,62]. Some researchers have also proposed more sophisticated algorithms [11,62,63] to improve 
convergence.

4.2.2. The plastic front position

The following set of analyses is dedicated to the study of the behaviour of hoop stresses (𝜎𝜃 ) and axial stresses (𝜎𝑧) in Fig. 9. 
Neither of the two numerical solutions is able to accurately follow the analytical solution. Nevertheless, a zoomed in section of the 
hoop stress shows the breaking point, which is located at the elastic-plastic interface, indicating that the two conceptually different 
numerical solutions agree well. It seems that both numerical approaches overestimate the position of the plastic front by about 
4 mm compared to the analytical solution (see also Table 3). A possible reason for this observed discrepancy between analytical 
and numerical solutions could lie in the derivation of the analytical solution, which was originally derived for the Tresca yielding 
criterion. The Tresca yielding theory3 is known to be more conservative than the von Mises theory [64].

The position of the plastic front 𝑐 is estimated using the numerical solution 𝑢̂. Example demonstrating how the elastic-plastic 
interface has been determined is shown in Fig. 11. The red and blue dots mark the plastic and elastic regions respectively. To 
determine the position of the front, we fitted the following function to the computed data

𝑓f it (𝑟) = 𝐶1𝑟
−1 +𝐶2𝑟

−2 +𝐶3 log(𝑟−1) +𝐶4 (34)

with constants 𝐶𝑖 (provided in Table 2) to fit the data and a continuous black line to represent them in Fig. 11. The intersection of 
the two fitted lines gives us an estimate of the position of the plastic front 𝑐. For the sake of clarity, only the analysis for the present 
solution procedure is shown in Fig. 11, while Table 3 also shows the numerical data for the FEM solution.

3 From a design perspective, the Tresca yield condition is safer, but it also tempts the engineer to take unnecessary measures to prevent unlikely failure. Experiments 
indicate that the von Mises yield criterion shows a better agreement with the observed behaviour than the Tresca yield criterion. However, the Tresca yield criterion 
14

is still used due to its mathematical simplicity.
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Fig. 11. Example of plastic-elastic interface determination. Blue dots represent the points where the accumulated plastic strain 𝜀̄𝑝 = 0, and red dots 𝜀̄𝑝 > 0.

Table 3

Results of the perfect plastic case - von Mises stress, and displacement magnitude at inner 
and outer surfaces, and position of the elastic-plastic interface. Under “Present” results 
we present the solution with 𝑁 ≈ 95 000 vs. FEM vs. analytical approximation.

𝜎VMS [GPa] ‖𝐮‖ [mm]
𝑐 [mm] 𝑁

𝑟 = 𝑎 𝑟 = 𝑏 𝑟 = 𝑎 𝑟 = 𝑏

Present 0.2400✳ 0.2106✳ 0.3623✳ 0.2053✳ 186.67✩ 95300
FEM 0.2400 0.2109 0.3593 0.2057 186.79✩ 71473
Analytical 0.2400▵ 0.2060 0.3546 0.2008 182.89 -

✳ Average for all nodes on the edge.
✩ Determined by fitting lines through points that are in the plastic zone (𝜀𝑝 > 0), and 

points that are outside it (𝜀𝑝 = 0), and finding the intersection between the two fits.
▵ Presumed von Mises stress criterion.

Table 3 clearly shows that the two numerical solutions are in good agreement in terms of all studied variables. The von Mises 
stress in the two extreme parts of the domain, i.e. 𝑟 = 𝑎 and 𝑟 = 𝑏 are in good agreement. The displacement magnitude ‖𝐮‖ shows a 
marginal difference, but the position of the plastic front 𝑐 again differs by only a tenth of a millimetre. As already observed in Fig. 9, 
the analytic solution predicts the elastic-plastic interface to be about 4 mm closer to the origin.

4.2.3. Shape of the elastic-plastic front

Due to the cylindrical symmetry of the governing problem, the obtained numerical solution is expected to have symmetric prop-
erties. For example, the elastic-plastic front shape is expected to maintain a circular shape. Therefore, in this section, the front 
positioning algorithm from Section 4.2.2 is extended and applied to 𝑁seg segments which divide the computational domain evenly. 
A schematic representation of the domain division is shown in Fig. 12 on the right-hand side, where a coarse domain discretization 
with 𝑁 = 6078 is shown for clarity.

To determine the front position within each segment, the front position is estimated using the same procedure as in Section 4.2.2, 
with the difference that only the nodes within a specific segment are used, while the algorithm in Section 4.2.2 works with all 
computational nodes.

The shape of the front was computed for the finest domain discretization. The results for 𝑁seg = 20 segments with approximately 
5000 nodes within each segment are shown in Fig. 12 in the centre. For reference, the fully symmetric FEM solution is added with a 
black line. The numerical solution obtained with the present approach indeed preserves the circular shape of the elastic-plastic front 
position. The circular shape is further evaluated in Fig. 12 on the right, where the distance of the plastic front from the origin 𝑟present
is compared with the distance 𝑟FEM of the FEM-based solution.

4.3. Linearly-hardening yielding of an internally pressurized thick-walled cylinder

In this section, we consider the case of isotropic linear hardening in the plastic regime (see dotted red line in Fig. 1). Although 
pure linear hardening can hardly be observed in real materials, it forms strong foundations for the simulation of realistic materials. 
The hardening curve for real materials is usually measured experimentally during a uniaxial tensile test, where the experimental data 
is interpolated with a piecewise linear function to create a model that can be used in the numerical simulation.

Specifically, in our case, the hardening curve is defined as follows
15

𝜎𝑦(𝜀
𝑝) = 0.24MPa + 10MPa ⋅ 𝜀𝑝, (35)
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Fig. 12. The elastic-plastic front distance to the origin computed for each of the 𝑁seg = 20 segments.

Fig. 13. Displacement magnitude ‖𝐮‖ vs radial coordinate 𝑟. Present solution compared with FEM. Note that the FEM solution is only displaying every second point 
for clarity.

Table 4

Results of the linear-hardening plastic case - von Mises stress, and displacement magnitude at 
inner and outer surfaces, and position of the elastic-plastic interface.

𝜎VMS [GPa] ‖𝐮‖ [mm]
𝑐 [mm] 𝑁

𝑟 = 𝑎 𝑟 = 𝑏 𝑟 = 𝑎 𝑟 = 𝑏

Present 0.25589✳ 0.13635✳ 0.22212✳ 0.13295✳ 149.42✩ 95346
FEM 0.25592 0.13634 0.22224 0.13294 149.40✩ 71473

𝑢̂−𝑢̂FEM
𝑢FEM

⋅ 103 -0.117 0.073 -0.540 0.075 0.134 -

✳ Average for all nodes on the edge.
✩ Determined numerically as explained in Section 4.2.2.

resulting in a constant hardening slope 𝐻 = 10 MPa throughout the entire plastic regime.
Example solution fields obtained with the present solution procedure are similar to those shown in Fig. 7 and are therefore not 

shown again. Instead, the numerical solution obtained with the present method is compared with the community standard – the FEM 
solution of Abaqus. The Abaqus setup was the same as in the previous subsection. The two solutions are compared in terms of the 
displacement field magnitude with respect to the radial coordinate in Fig. 13. There is a good agreement between the two conceptually 
different approaches in the entire domain of radial coordinates. These observations are further confirmed by the numerical data in 
Table 4.

In the next step, we evaluate the accuracy of the numerical solution with respect to the secondary variables in Fig. 14. Note that 
the inside plot of Hoop stress 𝜎𝜃 in Fig. 14 is a close-up to the breaking point, which is positioned at the plastic-elastic interface. All 
secondary variables also agree well with the FEM-based solution procedure.

A summary of the performance evaluation can be found in Table 4. We show the von Mises stresses and displacement magnitudes 
at both extremes of the domain, i.e. 𝑟 = 𝑎 and 𝑟 = 𝑏. In addition, the position of the plastic front 𝑐 is shown. Note that the same 
procedure as in the previous Section 4.2.2 was used to determine the position of the plastic-elastic interface 𝑐, with the constants 𝐶𝑖
16

summarised in Table 5.
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Fig. 14. Stress analysis in case of isotropic linear hardening.

Table 5

Constant values 𝐶𝑖 used to determine the plastic front position 𝑐 in case of 
linear hardening.

regime 𝐶1 𝐶2 𝐶3 𝐶4

plastic −8.120 ⋅ 101 2.426 ⋅ 103 1.016 ⋅ 10−1 1.157
elastic 2.993 ⋅ 10−1 3.055 ⋅ 103 −8.508 ⋅ 10−4 7.102 ⋅ 10−2

5. Additional example

In addition to already solved cases, we demonstrate a solution for irregular domain with a more realistic stress-strain relation. 
Additionally, the domain under consideration is cut with the following four spheres:

𝐵0 =

{
𝐱 ∈ℝ2,

‖‖‖‖‖‖𝐱 − 𝑎+ 𝑏

2

(
cos

(
𝜋

16

)
, sin

(
𝜋

16

))‖‖‖‖‖‖ < 20

}
, (36)

𝐵1 =

{
𝐱 ∈ℝ2,

‖‖‖‖‖‖𝐱 − 𝑎+ 𝑏

2

(
cos

(
7𝜋
16

)
, sin

(
7𝜋
16

))‖‖‖‖‖‖ < 10

}
, (37)

𝐵2 =

{
𝐱 ∈ℝ2,

‖‖‖‖‖‖𝐱 − 0.8 ⋅ 𝑎

(
cos

(
𝜋

4

)
, sin

(
𝜋

4

))‖‖‖‖‖‖ < 30

}
, (38)

𝐵3 =

{
𝐱 ∈ℝ2,

‖‖‖‖‖‖𝐱 − 1.1 ⋅ 𝑏

(
cos

(
𝜋

4

)
, sin

(
𝜋

4

))‖‖‖‖‖‖ < 50

}
, (39)

resulting in a domain as shown in Fig. 16. The edge of 𝐵2 is subjected to internal pressure 𝑝 = 0.13 MPa, while the remaining three 
sphere edges are traction free, i.e. 𝝈𝑛 = 0.

For the material properties, we simulate a set of uniaxial test results and use a piecewise linear interpolation in the solution 
procedure. The stress-strain relation is given as provided in Table 6 and illustrated in Fig. 15.

The domain is discretized with 20 292 scattered nodes corresponding to approximately 1 mm internodal spacing. Example solution 
17

is shown in Fig. 16 with displacement magnitudes on the left and accumulated plastic strain 𝜀𝑝 on the right. The proposed solution 
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Table 6

Synthetic stress-strain 
relation data.

𝜎 [MPa] 𝜀
𝑝

0.240 0.000
0.290 0.001
0.330 0.002
0.370 0.003
0.400 0.004
0.430 0.005
0.450 0.006
0.470 0.007
0.483 0.008
0.495 0.009
0.500 0.010

Fig. 15. Plotted synthetic stress-strain relationship.

Fig. 16. Example solution on irregular domain. Displacement magnitude (left) and accumulated plastic strain (right).

procedure is clearly able to cope with irregular domains and real-like material properties. The largest plastic deformations are observed 
in the bottom right part of the domain, while the largest deformations are observed in the top right part of the domain, effectively 
yielding an ellipse-like deformed shape. Note that no special technique or algorithm adjustments were required to solve such problem. 
The solution procedure used is exactly as described in Algorithm 2.

6. Conclusions

This paper discusses the use of meshless methods, specifically RBF-FD, in solving an elasto-plastic problem using the Picard 
iteration. The study confirms that the presented solution method effectively accounts for different stages of material behaviour, from 
elastic deformation to perfect plastic yielding and linear hardening conditions. The method shows good agreement with analytical 
and FEM solutions (obtained with the commercial Abaqus solver), confirming its accuracy and robustness. It exhibits stable behaviour
and provides results that are independent of the underlying geometry, without the need for special treatment in the approximation 
18

of differential operators, boundary conditions, or spatial discretization.



Applied Mathematical Modelling 137 (2025) 115714F. Strniša, M. Jančič and G. Kosec

The performance of the proposed method is analyzed from various perspectives. To establish basic confidence in the proposed 
solution procedure, we first examined the purely elastic case and obtained the expected convergence properties and good agreement 
with the FEM solution. In the next step, perfectly plastic yielding was analyzed, also showing excellent agreement with the FEM 
solution. We also investigated the influence of 𝑁load on solution accuracy and the convergence of the Picard iteration, showing that 
𝑁load has no significant effect on the final solution for the problem at hand. Further verification of the proposed method was performed 
by analyzing the shape of the plastic front, which again confirmed agreement with the FEM solution. In the final verification test, we 
compared the present solution with the FEM solution under isotropic linear hardening in the plastic region and again achieved good 
agreement.

The proposed iterative numerical algorithm initially assumes elastic deformation, i.e. in the first step, displacement and strain 
fields are calculated by solving the Navier-Cauchy equation. If the stress at any node exceeds the yield stress, indicating plastic 
deformation, a correction is made using a return mapping algorithm that adjusts the calculated stresses and strains to account for 
plastic effects. In contrast to the recent solution in [42], where the Newton-Raphson iteration was used to solve the system of nonlinear 
equations arising from plastic deformation, here we propose the use of Picard iteration. Picard iteration is a simpler approach that 
avoids assembling the Jacobian matrix and uses only elastic material parameters, resulting in a constant stiffness matrix during the 
iteration. Although such approach converges monotonically and is significantly slower than the Newton-Raphson iteration [46], it is 
way simpler to implement, it is less computationally expensive per iteration and, as shown in this paper, converges without stabilising 
the divergence operator or the boundary conditions. A direct consequence of this simplification is that the proposed approach allows 
the direct application of the method to complex geometries discretised with purely scattered nodes generated by the advancing front 
algorithm [18] that can be generalised to higher dimensions [48] and supports ℎ-adaptive [31] spatially variable node spacing. In 
this paper, we demonstrate the ability of handling complex geometries by solving the case of a thick-walled cylinder with cut-outs.

While the presented meshless approach offers considerable potential advantages, it is not without drawbacks. Despite extensive 
research, the RBF-FD method still has some unsolved problems. Node quality in a meshless context is not nearly as well understood 
as meshes in FEM, where mesh quality measures such as aspect ratio, skewness, Jacobian ratio, etc. are well-defined concepts [65]. 
There are also no clear guidelines for the selection of stencils. In this work, we simply used the nearest 𝑛 nodes as a stencil, which 
leads to a relatively computationally intensive method due to the rather high stencil size requirements [57].

Future work could focus on extending this method to three-dimensional problems and investigating the effects of dynamic loading 
conditions in more complex hardening models. As for the approximation method, symmetric stencils [66] could be used in addition 
to simple closest neighbourhood stencils, to improve the execution performance. The presented method is also compatible with the 
recently introduced ℎ [31] and ℎ𝑝 [32] adaptivities, which could be used to improve the performance of elasto-plastic deformation 
simulation. As for the iteration, an improved Picard iteration could be considered, which has been recently applied to flow in porous 
media [67]. The presented solution could also be coupled with a more sophisticated Newton-Raphson iteration to alleviate its stability 
problems [46].
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