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Example convection-driven fluid
flow problem:

Numerical Treatment of PDEs

1. Domain discretization va

2. Differential operator -
approximation

Ty
3. PDE discretization T Te
L v=0[""TTTTTTTT . v =0

4. Solve sparse linear system

s 2 y T T,
Meshless approximation: S =0=0

ov 1 "o 1
=~ 57 ; i — +(v-V)v=—-Vp+ —Vv+ —b,

(Lu)(xc) = >0y wiu(x;) ot ( ) p Pt B

V-.v=0,
b=p(1—B(T — Ter))g:
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Approximation Methods

> Radial Basis Function-generated Finite Differences
(RBF-FD)
» Polyharmonic Splines augmented with monomials
» Relatively large support size n = 2(mjd).
» Diffuse Approximation Method (DAM)

> Referred to as Weighted Least Squares (WLS) method
» Only monomials (less basis functions)

» Relatively large support size n = 2(mjd)

» The simplest collocation form (MON)
» Monomials
» Small support size n =5 in 2D and n =7 in 3D.
> Stable only on regular nodes
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Monomial Augmentation: Problem Setup

Numerical solution uj, of Poisson’s equation with both Dirichlet
and Neumann boundary conditions is studied:

1.4866 1.3875

V2u(x) = fap(x) in Q, (1) =
u(x) = f(x) onlg, (2) 11— 05
Ou(x 08
8('1) = f-g‘rad(X) On rn. (3) 0 02 04 0.9190 0.7558 0.6420

—— m=2 —*— m=4 —=— m=6 —— m=8

» Approximation order
controlled with the
highest order of
augmenting monomial.

10!

» Note: recommended
stencil size n = 2(’";‘1)

102 10* 10! 10% 4% 100 10 3% 10!
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Monomial Augmentation: Time vs. Error

—— m=2 —— m=4 —*— m=6 —*— m=2_8
d=1 d=2 d=3
10-2 10°
0 101
101
—4
10 103
6 10-2
10 10—
3 3 3 10-3
T 108 < 10-7 g 10
—10 1074
10 10-9
10-12 107°
10711
1076
6x107% 10! 10° 10° 107
time [s] time [s] time [s]
The recommended augmentation order
b m=3k+id-2
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p-refinement

Poisson problem with strong

source in the domain
Vzu(x) = fiap(Xx), where

fiap(x) = 320071 o

ci;re = 0.0, 14 = 0.1

| -

i | | 21
25 ||4x — 2|° d \‘/

- 800@ RSCE 02 01

c2;16 = 0.1, 74 = 0.2 c3i 76 =02, 74 = 0.4

w00
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p-refinement: Results

Convergence rates Total computation times

100

10-!

102

1078

10

10

0"

10-0
n 5
1 1o 10? 100

w
N VN

Computational time can be reduced by approximately 50 %. At
the same time, accuracy of the numerical solution is notably better
compared to unrefined solutions (at second order approximation).
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hp-refinement: Goal

before refinement

Workflow

Based on the well established solve-estimate-mark-refine paradigm.
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approximation order

Jip-REFINE
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ITERATION
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refined state
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hp-refinement: solve-estimate-mark-refine

Poisson problem with exponentially strong source in the domain

V2u(x) = Qae_"’HX_XSHZ(Qa [x — x5 — d) in Q,
u(x) = e~ 2llx—xI’ on Iy,
du(x) 2
= —2a(x — x5)ne~2lx=xl onl,
on
Setup

» RBF-FD

» PHS order k =3

»> Monomial augmentation with m € {2,4,6,8}
> IMEX with monomials m € {4,6,8,10}
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hp-refinement: solve-estimate-mark-refine

implicit solution error

Consider a problem of type Lu = frys.
. . . . . . 0.50 o 4.05¢-02
The IMplicit-EXplicit error indicator:
1. Obtain implicit solution u(™ to T -
governing problem using low-order o
i i . / 0.75
approximations of L, i.e. ,CEI.';))_ o
2. Obtain high-order approximations of X
- . hi 1.00
explicit operators L, i.e. £
(ex) 3260402
3 Apol E(hi) (im) and obtain f . o [ o
- Apply L tou and obtain f(g) In
the process
4. Compare frys and fiey)
- 1.0 0.5 0.0 0.5

-
h r v WS v
S e és -l w3 & r, B £ia v Mitja Jangi¢ 11 /725



hp-refinement: solve-estimate-mark-refine

The modified Texas Three-Fold strategy for error indicator field n

Ni > AMmax;, refine
Bnmax S ni S AN max dO nothlng .
ni < BNmax, derefine
~ p-refine
p-derefine
D
r—)ﬁ ,Bhn ( ApMmaz w
Nmin | l e l f | Mmae
ﬂpnmaz J QA pNmaz L r )
h-refi
h-derefine HEHE
Advantage Problem
Easy to understand and imple- Does not lead to optimal results.
v ment.
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hp-refinement: solve-estimate-mark-refine

h-refinement strategy

x4
Defining the amount of (de)refinement.
refine
h-refine
hota 4
ne h?/d derefis
w J— 1 lerefine
hi(p) = = (3 1y | ,
min Brttmax Witmax Mo " A=3,9=3
D J=4,9=4
p-refinement strategy
h-derefine e |
e h(_)/d derefine
TS\ — ;
hi (P) —  Bnmax—nj (l—1)+1 —
Bnmax — Mmin 9 ’
refine
-
™ Mipin |
b Hmin Imax ®plmax MNmax
v v o b "
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Poisson problem

hp-adaptivity

IMEX

current state

iteration

1ap10 uonewrxoxdde
© e o

£
908 =N * (=uoneia

<
99£S =N * 1§ =uonesan
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hp-adaptivity: Convergence Rates

60
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RBF-FD

hp-adaptivity: Fretting Fatigue Problem PHS order k = 3

Monomial augmentation
. with m € {2,4,6,8}
The problem is governed by IMEX with monomials

the Cauchy-Navier equations D S FoGE I

A+ V(Y -u)+puV3u=f

% iteration = 0, N = 7987 iteration = 4, N =11753
400 mesh-free I8 mesh-free 200
FEM ° .« FEM 100 &
p(z) I | =
200 to s A -
tr=0,t,=0 t,=0,t,=0 = [ \ g
< 2, [, -100 ©
s — PuEg Z o0 \ f \ g
-~ ] I -2005
= § H 4 g
= b -200 Af 7 -300 3
t: = q(x) += | i 3
w=0 t, = p(x) te =0 <> N -400 8
w _ _ = -400 ~/ .
v=0 ty=0 5 -500
=
Bu = iteration = 13, N = 29997 iteration = 18, N = 46626
S =0,v=0
oy = 400 mesh-free mesh-free 200
FEM FEM 100 g
C J z
Z 200 +—————4 et e L 0 s
§ o -._,\ koo —mué
b= \ =200 g
-200 -30035
. -400 3
» Good agreement with -400
=500
FEM solution -04  -02 00 0.2 0.4 -04  -02 00 0.2 0.4

X [mm] X [mm]
-

approximation order
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Hybrid WLS-RBF-FD approximation

» Spatially-variable approximation method

» For greater solving efficiency: RBF-FD should Dl
be employed on as little nodes as possible
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~1.00{ x Source tlta e o

-1.00 -0.75 0,50 -0.25 0.00 0.25 050 0.75 1.00

shape computation time

10t
10°
n
£
107t
1072
10° 10° 10°
N
10° 10* 10°
N — WLS,m=2 -== WLS,m=4 —:= WLS,m=6
- —— hybrid, m=2 === hybrid, m=4 —-= hybrid, m=6
» ~—— RBF-FD,m=2 --- RBF-FD, m=4 —:= RBF-FD, m=6




Hybrid scattered-regular

Discretization: Y
> Scattered nodes only where necessary o
> Regular nodes elsewhere w00
Approximation: T Ta
> RBF-FD on scattered nodes (n=12in | |"° e
2D for second order approximation) o
> MON on regular nodes (n =5 in 2D) A | N

0.50

165.4

Note:

s
8
temperature
s
velocity magnitude

No special treatment required on
the transition from scattered to reg-
ular nodes.

Py
&

s
=S

000 025 050 075 100
z

ov 1
— +v-Vv=—-Vp+ —V-(Vv)—gTa,
v ot Re

T 1
“ o FY VT = V(YT
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Hybrid scattered-regular: DVD convergence

Nusselt number Nu =

L
THTBn

s <"

the ratio between convective and

conductive heat transfer (here computed along the cold wall).

hybrid
scattered

e regular

Kosec and Sarler
Sadat and Couturier
Wan et. al

execution time [min]

=
™
L

10'4

10° 46"

—>¢ hybrid
=P~ scattered
e regular

20000

30600 40600 SO(I)OO 60600

N

10000 20000

-

30000 40000
N
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Hybrid scattered-regular: Irregular domains

1.0

0.8

0.6

>

04

0.2

0.0
0.0

0.2

04

T

0.6

0.8

Do o= DR ow
S 8 8 8 8 8
velocity magnitude

°

2D:

Approximation | Nu | execution time [min] | N

scattered 12.32 | 46.31 10534

hybrid 12.36 1 29.11 11535
3D:

Approximation | Nu | execution time [h] [N

scattered 7.36 | 48.12 65526

hybrid 6.91 20.54 74137
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Summary

Presented:

> Monomial augmentation guidelines

» p-refinement

» hp-adaptive solution procedure

» Hybrid WLS-RBF-FD method

» Hybrid scattered-uniform discretization approach
Future work:

* Different marking and refinement strategies employed by the
hp-adaptive solution procedure

* Different error indicators in the hp-adaptivity
* hp-adaptivity in the context of fluid flow problems
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Questions?
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Hybrid WLS—RBF-FD approximation: 3D-Domain

Approximation €oo tshape []  Nrprrp/N - 100
WLS NaN 4.74 0.00
RBF-FD 9.48-1075 8.22 100.00 2.456
hybrid 237103 6.15 34.28 iy
2.083
. 1.710
» RBF-FD part improves B
stability 1372
. . 0.964
» Shorter execution times
observed 0592
0.219

» Other combination of
approximation method could
be used
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hp-adaptivity: Brief Study of Free Parameters

before refinement

8 8
6 6
4 4
2 2

a=031,A=55 i a=021,2=35
8 8
6 6
4 4
2 2

0.3 .0:1 - 0.5. 0.6 - 0.7
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Setup
.. . , RBF-FD
hp-adaptivity: Boussinesq’'s Problem e

. with m € {2,4,6,8}
The problem 1S govel’ned by IMEX with monomials

the Cauchy-Navier equations m € {4,6,8,10}

2
A+ p)V(V-u)+pViu=f B I S
A iteration = 0, N=10594 iteration = 6, N= 16520
i
. ! 10' 03
P
N g2
. &
b X--> 10°
1 Y
: 0.0
: £ iteration = 7, N= 18502 iteration = 19, N=80458
—
Q ! 10! 03

avus

10"
» Good agreement with o

closed form solution W "\;:.,.-ﬂﬁfl‘m— 00

+ Avoided fine_tunning Wlth -1.0 0.8 ;(!:.sv:7704 =02 -1.0 —0.8 ;(!:6v:770,4 0.2
free parameters
[ |
2 4 6 8

approximation order
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